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Abstract 




for aU n > 2. We prove that, if a solution {u, v) is a local minimizer and has linear growth at 
infinity, then it is one dimensional, i.e. depending only on one variable. In the proof we also 
obtain the global Lipschitz continuity of solutions only under the linear growth assumption. 
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1 Introduction 

In this paper, we study the one dimensional symmetry problem for solutions of the following two 
component elliptic system in M": 



All of the solutions considered in this paper are positive classical solutions, that is, w > and 
V > and they are smooth. 

We say a function u, defined on R", is one dimensional if u{x) = f{x ■ e) for a unit vector e 
and a function / defined on M}. 

The system (1.1) arises from many fields in physics such as Bose-Einstein condensation and 
nonlinear optics. It is used to describe the "Phase Separation" phenomena. For more background, 
see [3, 8, 12, 14] and references therein. 

*This work was done while the author was a postdoc at the University of Sydney and was supported by the 
Australian Research Council. I would like to thank Prof. E. N. Dancer for bringing this problem to me and Prof. 
S. Terracini and J. C. Wei for valuable discussions related to this problem. 





In Berestycki-Lin- Wei-Zhao [3] , inspired by the De Giorgi conjecture for the Allen-Cahn equa- 
tion (cf. [13]), they ask whether there is one dimensional symmetry for entire solutions of (1.1). In 
[3] they proved the existence, symmetry and nondegeneracy of the solution to the one-dimensional 
problem 

u" = uv'^,v" = vu'^,u,v >0 in R. (1.2) 

In particular they showed that entire solutions of this problem are reflectionally symmetric, i.e., 
there exists xq such that u{x — xq) = v{xo — x). In [4], we also proved that, up to a scaling and 
translation, this entire solution is unique. This solution can be trivially extended to M" for all 
n > 2, which gives a solution of (1.1) with linear growth. We note that, it was proved in [12] 
that the linear growth is the lowest possible for solutions to (1.1). More precisely, if there exists 
a G (0, 1) such that 

u{x)+v{x) <C(l + |x|)", 

then u,v = 0. 

Unlike the Allen-Cahn equation, where minimal hypersurfaces play an important role in the 
limiting problem, the limiting problem of (1.1) is related to harmonic functions. One typical 
result is (cf. [8] and [14]), as k ^ +oo, any sequence of uniformly bounded solutions {uk,Vk) to 
the problem 



(1.3) 



converges uniformly (up to a subsequence of k — ?• +oo) to {w^,w~). Here w is a harmonic 
function and is its positive part, w~ = {—w)~^ the negative part. 

Note that solutions of (1.3) are critical points of the energy functional (under suitable bound- 
ary conditions) 

E^{u,v):= [ \Vu^\'^ + \Vv^\'^ + Kulvl. (1.4) 



For solutions of (1.1) with linear growth, by performing suitable blowing-down procedure (see 
Section 3 for details), the blowing down sequence converges to ((e-x)+, (e-x)~) for some constant 
vector e. This means that the level set of u — i" is asymptotically flat at infinity. Thus it is very 
natural to conjecture that these level sets are flat and the De Giorgi type conjecture holds under 
this linear growth condition. 

In [3] and [4], there are some results in this direction when the space dimension n = 2. These 
works assume the solution satisfies a monotone condition or a stability condition. In [4], we 
also proved that, when n = 2, for every d > 2, there is a solution of (1.1), such that u — v is 
asymptotic to Re(a; + \/—ly)'^ (i.e. a homogeneous harmonic polynomial of degree d) at infinity. 
These examples show that we can not remove the linear growth assumption in the De Giorgi type 
conjecture. 

In this paper we prove the following result for all n > 2. 

Theorem 1.1. If(u,v) is a local minimizer of the problem (1.1) inM", and there exists a constant 
C > such that for any x G M", 

u{x) +v{x) <C{l + \x\), (1.5) 
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then (n, v) is one dimensional. 

Here a local minimizer means, for every smooth functions {u, v) such that (n, v) = (n, v) 
outside a ball Br{0), we have 

/ \Vu\^ + \Vv\'^ + u'^v'^ < \Vu\'^ + \Vv\'^ + u'^v'^. (1.6) 

Jbr{0) JBtiiQ) 

This is only a technical assumption and we believe it can be removed. In our proof, it is only used 
to compare the difference of energy between (n, v) and a harmonic replacement (see Proposition 
6.6). 

Let us explain briefly the strategy of the proof and the organization of the paper. In Section 
2 we collect some useful results such as Almgren type monotonicity formula for solutions to (1.1). 
In Section 3 we perform a blowing down analysis and show that (u, v) are asymptotically flat at 
infinity. 

Section 4 is devoted to the proof of an Alt-Caffarelli- Friedman monotonicity formula for solu- 
tions of (1.1) (see Theorem 4.3), which says 

^-Cr-^/\-4 f \Vu{y)\''+u{y)Myf ^y f \Vv{y)\^ + u{y)My)\ y 

jBrio) lyl""^ JBr(o) 

is non-decreasing in r > 1. This needs a substantial improvement of the calculations in Noris- 
Tavares-Terracini-Verzini's proof of the Alt-Carrarelli- Friedman monotonicity formula in [12]. To 
achieve this we define a rearrangement for the two component functions (u, v) on the unit sphere 
gn-i 'j'j^is allow us to reduce a minimization problem in higher dimensional sphere to a one 
dimension problem, where by the result in [3] we have better controls such as uniform Lipschitz 
continuity. (Note that at present the uniform Lipschitz continuity of solutions of (1.3) is only 
known when the space dimension n = 1.) Similar ideas have already been used in [4] (see Theorem 
4.6 therein). 

This monotonicity formula can be used to give a lower bound of the growth rate of (u, v). For 
example, for a solution (n, v) with linear growth, using this monotonicity formula we can prove a 
nondegeneracy result (Corollary 4.5): there exists a constant C such that 

u + v> C7i?"+i. 

Bii(O) 

More importantly, this monotonicity formula and some of its consequences hold for all x G {ti = 
with a universal constant C . This fact, combined with the results in Section 3, implies that at large 
scale (uniformly with respect to the base point x G = v}), {u,v) is close to ((e • x)^, (e • x)~) 
for some unit vector e. This then enables us to prove the global Lipschitz continuity of u and v 
(see Theorem 5.1, the main result of Section 5). 

In Section 6, we use the global Lipschitz property and the locally energy minimizing property 
of (u, v) to deduce the following crucial estimate 

V{u-v-ip)\'^ < CR''~^/^, 

Br{x) 
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where C is independent of x and R, and ip is the harmonic extension oi u — v from dBi^{x) to 
Br[x). This is the only place where we need the energy minimizing property of {u,v). 

The exponent 1/2 in this estimate then implies the existence of a unique vector e such that 
for every xq £ M" 

u{xo + Rx) , v{xo + Rx) 
hm = (e ■ xy , lim = e-x . 

That is, the blowing down sequence has a unique limit. See Section 7. 

After proving this, the situation is quite similar to the Gibbs conjecture studied in [2], that 
is, when x„ — )• ±00, we have some uniform convergence of {u,v). (However, here u and v are 
unbounded, which is different from [2].) In Section 8, we use the sliding method (in the spirit 
of [2]) to prove the existence of a cone of monotonicity for {u,v). That is, for every unit vector 
rGC(e„,3/4) = {r:r-e„>3/4}, 

T ■Vu>0,T - Vv <0 in M". 

The main idea is to propagate the good properties of u and v in the part far away from the 
transition part {u = v} to the part near {u = v}. Similar ideas are used in Section 9 to enlarge 
the cone of monotonicity to a half space C{en,0), which then implies our main result Theorem 
1.1. 

In the appendix we give a proof of a local interior version of the uniform Holder estimate in 
[12]. 

In this paper we say a constant C is universal if it is independent of the base point x G M" 
and the radius R. It may be different from lines to lines. 

2 Some preliminary results 

In this section we recall some monotonicity formulas for solutions to (1.1). Then we will list some 
useful results, which will be used many times throughout this paper. 

Proposition 2.1. For r > and x G M", 

D{r; x) := r^"" / \Vu\^ + \Vv\^ + u'^v'^ 

JBrix) 

is nondecreasing in r. 

For a proof, see [5] Lemma 2.1. In fact we have 

^Dir; x) = 2r2-" / [n^ + v^^] + Ir^^'' [ u^v\ (2.1) 

dr JdBr{x) JBrix) 
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Proposition 2.2. (Almgren monotonicity formula.) For r > and x G M", 



^, , rj \Vu? + \Vv? + 
1\ [r;x,u,v) := 



IdBrix) + 
is nondecreasing in r. 

In this paper, we often omit u, v in N{r; x, u, v) if no ambiguity occurs. We also denote it as 
N{r) if X = 0. The following proof is taken from [4] (see also [3]). 

Proof. For simplicity, take x to be the origin 0. Direct calculations show that for H{r) : = 

-^H{r) = 2r^-'' [ \Vu\^ + \Vv\^ + 2u^v^ . (2.2) 
dr J Br 

Combing this with (2.1), we get 

dr j.l-n J^^ y2 _|_ y2 

ff(r)[2r^-" J^^y, + vl) + 2ri"" /^^ u\^\ - D{r)[2r^-^ Jg^^ uUr + vVr] 

H{rY 

H[r)2r^~^ f^^^j^ + v^,) - 2r^-^-[fg^^ uu,. + vVr? 
H{rY 

> 0. 

Here we have used the following fact 

IVuP + IVvl^ + n^W^ < / IVul"^ + Wv\'^ + 2u^v'^ = I UUr + VVr 

Id Br 



dBr(x) 



Proposition 2.3. If N{rQ;x) > d, then for r > tq, 



is nondecreasing in r. 

Proof. Direct calculation using (2.2) shows 

d 
dr 



^l-n-2d / ^2 ^^21 



□ 



dBr{x) 

= -2(ir-"-2d f („2 ^ ^ 2ri-"-2rf /■ | Vnp + |Vt;|2 + 2uV 

J dBrix) JBrix) 

> 0. 

Here we have used Proposition 2.2, in particular, the fact that N{r) > d for every r > tq. □ 
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The following result is Proposition 4.3 in [4]. 

Proposition 2.4. Let R> 1 and let {u,v) be a solution of (1.1) on Bfj. If N{R) < d, then for 
every 1 < ri < r2 < R 



H{r2) . y 
H{ri) - -2d 



< e^-^ (2.3) 
1 



All of these results hold for solutions of (1.3) with |Vup + \Vv\^ + v^v^ replaced by the 
corresponding energy density. 

Next we list three useful results. The first one is Lemma 4.4 in [6]. 

Lemma 2.5. // in the hall B2r{0), u £ C'^ satisfies 

' Au > Mu, 

u>0, (2.4) 
u< A, 

then 

sup u< (:7i(n)Ae-^2(n)M^i^ 

Br{0) 

where Ci(n) and C2{n) depend on the dimension n only. 

The next one is an interior version of the uniform Holder estimate in [12]. 

Theorem 2.6. Let (u^j'^k) o, sequence of solutions of (1.3) in i?2(0). Assume as k ^ +oo, 
Uk, and Vk are uniformly bounded, then for any a G (0, 1), u^. and are uniformly bounded in 
C"(Si(0)). 

The proof follows the blow up method in [12] and will be given in the appendix. 
Finally we give a result about the limit of solutions of (1.3). This is the consequence of a 
combination of the main results in [8] and [14]. 

Theorem 2.7. For every h> 0, there exists a K, if {uk,Vk) is a solution of (1.3) in -62(0), with 
the parameter k > K , and satisfies 

L n«(0) = v^{0); 

^- IdBi{0) + = IdBi{0) ^1' 

^' . , 2J \Vu.\' + \Vv.\^ + ^ulvl 

N{2;0,u^,v^) = '-^ — J, 2 I 2 - ^' 



then there exists a unit vector e such that 



sup \uk — (e • x)~^\ + \vk — {e • x) | < h. 

iJi(O) 
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Proof. Assume there exists a sequence of {uk,Vk) satisfying the assumptions but for every unit 
vector e, 

sup \uk — (e • x)~^\ + \vk — (e • > h. (2.5) 

Bi{0) 

By Proposition 2.4, there is a universal constant C such that 

ul + vl<C. 

dB2{0) 

Because and v,^ are subharmonic functions, they are uniformly bounded in 53/2(0). By The- 
orem 2.6, they are also uniformly bounded in C"(-B4/3(0)) for every a S (0,1)- Choosing a 
subsequence of (uk,Vk) such that they converge to {uoo,Voo) uniformly in i?i(0). 
By the main result of [8] and [14], Uoo — Voo is a harmonic function. They satisfy 

1. UooVoo = 0; 

2. noo(O) =t;oo(0); 

^- IdBi(0) ''^lo+^lo = IdBi{0) ^1' 
4. 

00 

- lim N{l;0,u,,v^)<l. 



Because ttoo(O) = Woo(O) = 0, for any r E (0, 1) 

iVoo(?'; 0,^00, -Voo) > limiVoo(?';0, ) = deg(uoo - ^00,0) > 1. 

r— >0 

In the above, deg(tioo — ^^00,0) is the degree of the harmonic function Uqo — ^^oo at 0. By the 
Almgren monotonicity formula for harmonic functions, Noo{r;0,Uoo,Vcx:i) = 1 for every r G (0, 1). 
This implies Uqo — Voo = e ■ x for some unit vector e. (This characterization is well known, for 
a proof and some generalizations see Proposition 3.9 in [12].) This is a contradiction, so the 
assumption (2.5) does not hold. □ 

3 The blowing down sequence 

In this section, {u,v) denotes a solution to (1.1) satisfying the linear growth condition (1.5). 
For every R> 1, denote 



Jd 

and define the blowing down sequence 



dBR(0) 



2 I 2 
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Remark 3.1. By (1.5), there exists a constant C > such that 

L{R) < CR. 

On the other hand, by the Liouville type result (c.f. Proposition 2.7 in [12]), Va G (0, 1), 3Ca > 
such that 

L{R) > C7„i?". 

By the definition, we have the normahzed condition 

{u^f + {v^f = 1. (3.1) 

9Si(0) 

and satisfy (1.3) with k{R) = L{RfR^. Note that as R ^ +oo, k{R) +oo. 

R 1 

Lemma 3.2. 3Rj — )• +oo, such that L{-^) > ^L{Rj). 
Proof. Assume by the contrary, 3Rq > sucli tliat, Vi? > Rq 

L{R) < hi2R). 

An iteration implies, \/k > 

^(2^=^20) > 3^^L(i?o). 
On the other hand, by (1.5), we also have 

L(2^i2o) < C2''. 

This is a contradiction for k large. □ 

As a consequence, if we choose R = Rj in the definition of and (simply denoted as 
Uj,Vj, and kj = K{Rj)), we have 

1 



9Bi(0) 
3 



^ + v^>^- (3.2) 



Because uj and vj are subharmonic, we can get a uniform upper bound of Uj and vj on any 
compact set of -Bi(O). Then by Theorem 2.6, Uj and Vj are uniformly bounded in C"(-Bi_e(0)) 
for every a,e £ (0, 1). Hence we can extract a subsequence of j (still denoted by j), such that 
{uj,Vj) converges to {uoo,Voo) uniformly on any compact set of -Bi(O). By the main result of [8] 
and [14], (uoo,t'oo) satisfies 

A{Uoo - Voo) = 0. 

(3.2) can be passed to the limit, which implies that (uoo,Woo) is nontrivial. In fact, because 

^ioo(O) + VooiO) = lim n,(0) + Vj{0) = lim = 0, 

both and are nontrivial. ^ 



^ Otherwise, for example, if = 0, then Uaa is nonnegative and harmonic. Combining the fact that Uoo(O) = 
with the strong maximum principle, we see Uoo = 0. 
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Proposition 3.3. Uqo — t^oo is linear. That is, there is a constant c{n) > depending on the 
dimension n only, such that, under suitable coordinates, 

Uoo = c{n)xf,Voo = c{n)x^. 

Proof. By rescaling the monotonicity formula in Proposition 2.2, we get a similar one for {uj,Vj). 
That is, for r > and Br{x) C Bi{0), 

IdBrix) + ^1 

is nondecreasing in r. We can prove that (c.f. Theorem 1.4 in [12] and Corollary 2.4 in [5]) 

Uj Uoo,Vj Voo strongly in HI^^{Bi{0)), 

nju]v]^0, in LL(i?i(0)). 
So for every Bj.{x) CC i?i(0), we have 

is nondecreasing in r, too. Of course, this fact is nothing else but the Almgren monotonicity 
formula for harmonic functions. 

Because noo(O) = foo(O) = 0, we have for Vr > 

Noo{r\Q,Uoo,Voo) > lira N^{r;0,u^, Voo) = deg(uoo - Voo,0) > 1. 

In the above, deg(tioo — Voo,0) is the degree of the harmonic function Uoo — v^q at 0. We claim 
that Noo{r;0 , Uoo, Voo) — 1 for G (0, 1). If this is true, then by the characterization of linear 
function using the Almgren monotonicity formula (see for example Proposition 3.9 in [12]), we 
can finish the proof of this proposition. 

Assume by the contrary, 3ro G (0, 1), such that Noo{ro) = 1 + 25 with 5 > 0. Then for j large, 



IdBrJO) "1 



>l + 6. 



ro(0) ^ ''j 

Rescaling back and using Proposition 2.2, we know that for r large enough. 



> 1 + 5. 



By Proposition 2.3, for r > large enough 



JdBr{0) 

is nondecreasing in r. This contradicts the linear growth condition (1.5) and the claim is proven. 

□ 
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Note that the above blowing down procedure can be performed at any base point x G M". 
Thus we get 

Corollary 3.4. Let {u,v) be a solution of (1.1) satisfying the linear growth condition (1.5). Then 
for every x G R" and r > 0, N{r; x) < 1. 

Remark 3.5. The blowing down analysis in this section can be preformed for solutions of (1.1) 
with polynomial growth. In fact, we can show that any solution with polynomial growth satisfies 

lim N(r) < +oo. 

r— >+oo 

This was studied in [4]- 

4 An Alt-CafFarelli-Friedman monotonicity formula 

In [12], S. Terracini etc. proved an Alt-Caffarelli- Friedman type monotonicity for solutions of 
(1.1). In this section we improve their result and establish a sharp form of the Alt-Caffarelli- 
Priedman type monotonicity formula (see Theorem 4.3). 

4.1 The proof 

Before going into the proof, we introduce a useful tool. Fix the polar coordinates on S"""^ as 
(cos a, sin a cos Q2, sinoi sina • • • sina„_i) for a G [— 7r/2,7r/2] and G (0,27r), 2 < i < n — 1. 
Let u,v be two nonnegative functions in L^(S"~^), their rearrangements are two functions u*,v* 
satisfying 

1. they depend on a only; 

2. u* is non-increasing in a and v* is non-decreasing in a; 

3. for every t > 0,\{u > t}\ = \{u* > t}\,\{v > t}\ = \{v* > t}\. Here |^| denotes the area 
measure of A C S""^. 

We know if n, v G H^{E''-^), then u*,v* G iJ^S""^) (see [9]) and 

/ iV^rp < / |Ven|2, [ iV^rp < / \Vev\^. (4.1) 

Note that in our definition we make these two functions as separated as possible. More 
precisely we have 

Lemma 4.1. Ifu,v G L^(S"~"^) are nonnegative and u*,v* are defined as above, then 

/ u*v* < / uv. 
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Proof. By Fubini theorem, 

/" /"H-oo /"H-oo 

/ uv = / \{u> t}n{v > s}\dtds. 

So we only need to prove for every t,s G (0, +00), 

|{m >t}n{v> s}\ > \{u* >t}n {v* > s}\. 

That is, for every two measurable sets A,Bc let A*,B* be the rearrangement defined 

above. Then 

\AnB\> \A*nB*\. 

First we note that this inequahty is trivial if \A* nB*\ =0. Next if 1^4* nB*\ > 0, by noting that 
they are spherical caps with opposite centers, we must have A*U B* = and trivially we have 
1^ U i?| < 1^* U Combing this with the definition of the rearrangement we get 

l^n^l = \A\ + \B\ - \AUB\ > \A*\ + \B*\ - \A*UB*\ = \A* n B*\. 

This finishes the proof. □ 

In the following we denote, for a; > 0, 



, , /,n — 2,„ n - 2 
7(a^) = Y ) + ^ 

Lemma 4.2. For every A > 1, there exists a positive constant C, which depends only on the 
dimension n and A, such that for every k > 1 and -u^, G H^{E>^~^) satisfying 

ul = lJ vl = \\ 



then 

71 r -2 j + 71 r -2 ) ^ Z Ly K . 

Jgn-1 Uk Js"-i 

Proof. We divide the proof into three steps. The second step is not so necessary for the proof. 
We include it here only to make the picture more clear. 

Step 1. We will consider the constraint minimization problem 

mm7( 32 ) + 7( f ^ ), 



for u,v £ H [S"" ) satisfying 



n-l 
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After replacing w by A ^v, we are led to consider a new minimization problem 
min7( / \\/eu\'^ + kX^u'^v'^) + j{ {Vevl"^ + Kifv"^), 
for u,v £ H^{§'^~^) satisfying 

[ u'= [ v' = l. 

Direct method shows that the minimizer to this minimization problem, {uk,Vh), exists. Denote 

Xk= \VeUf,\'^ + HiX^ulvl, yK= iVev^l"^ + kuIvI. 
There exist two Lagrange multipliers Ai^^ and A2,k such that 



AgUf, + A^ + — — -\ku^ 



AgV,, + [1 + -—-]kV^U^ = -jf 



Moreover, by Lemma 4.1, we can assume that and depend only on a, and one is nonincreasing 
in a, the other one nondecreasing in a. 

By choosing a test function of the form ((/>"*',(/)"), where (j) is an eigenfunction of — with 
eigenvalue n — 1 and /gn-i 4>^ = 2, we can get the bound 



7(x^)+7(y«) <2. 



(4.2) 



Hence and v^^ are uniformly bounded in H^{W^ Multiplying the equations by and 
respectively and integrating by parts, we get 



-2-2 ^1,K 



Vk-I 7 



_2-2 -^2,K 
KU^-V^ - 



(4.3) 



In particular, and A2,k are positive and uniformly bounded. 
Step 2. Choosing 



\2 I I'fa^) 



1 + ^ 



and let 



7'(y«) 
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we have 

J - Aeu^ + ku^vl = Xi^kUh, 

Here 

K = k[1-\ — —J, Ai „ = -77 — r, A2,K - 



As K — +00, K — )• +00. Without loss of generahty we can assume that there exist nonnegative 
constants .^00, Ai,oo and A2,oo such that 

hm Ck = Coo, hm Ai,^ = Ai,oo, lim A2,k = A2,oo- 

We can also get a uniform upper bound of and by the Moser iteration, using the uniform 
iJ^(S"~^) bound on and and the elliptic inequalities 

\ - AffV^, < X2,kVk- 

Similar to Theorem 2.7, there is a solution of 

-AgW = Xi^ooW^ - X2,ooW~ 

such that w+ , w~ in C(S"~^) n i?^(S"~^). Moreover, 

lim / kuj.vf. = 0. 

K— >+00 _/gn-l 

This implies 

lim / Kulvl = 0. (4.4) 



Note that 



/ 



{w+f = Hm / ul = l, {w-f = lim / 1)2= foo- 



So, with the help of (4.4) we get 

hm / IVgu^l +KA^M«.t;^= Inn / \Veu>,\ +ku^v^ = —„ — - 



lim / \VeVK? + nu\vl= lim iV^u^^p + ku^O^ - „ _ 



/gn-l(^i'+)2 
/gn-1 |V0W"|2 
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Letting k — )• +00 in (4.2), we get 



By [1] (see also [9] and [11]), 

Js„-i|Ve^;+p Jgn-i |Vew"|\ 
mm 7(^^j^ / I NO )+7(-^ ^ v^) = ^- (4-5) 

So the above inequality must be an equality and Ai^oo = ^2,00 = n — 1 and w is an eigenfunction 
with eigenvalue n — 1. Then by (4.3), 



By the definition of we get 



lim = lim = n — 1. 

K— >+oo fc— >-+oo 



lim = 1. 



In conclusion, -u^ — )• tf"'", i;^ — )• tf^ in C(S"'~^) n H^{W^~^). By the symmetry of and v^, there 
exists a constant c(n) such that 

w = c(n) cos a. 

Step 3. Because and depend on a only, they in fact satisfy a system of ODEs. By 
suitably modifying the argument in [3], we can prove the uniform Lipschitz continuity of and 
Vk- Moreover, there exists a constant C such that for all k, 

u^v^<C'^K-'2. (4.6) 

So for every 6 G S"""'^, either Uf,{0) or Vn{9) is less than Ck~^^^. Then 

[ Kulvl < Ck-^I^ [ Ku^vl + K,v^ul < Ck-^I^. (4.7) 

Take /«; = {u^ - v^)-^ , = {u^, - v^)~ . First by (4.6) we have 



The same estimate holds for g^ — v^. 
Next we estimate 



By the symmetry and monotonicity of and v^, d{uK > v^} is a smooth hypersurface (i.e. a 
circle). So by the uniform Lipschitz continuity of u^, and (4.6), we get 

^ - ^ - I if _ f _ . _ I 



{Uk>Vk} Jd{uK>VK} '^^ J{Uk>Vi^} 
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Jd{uK>Vi^} J{Uk>Vk} 

Similarly we get 

J{Ui^>Vk} 

Combing these with (4.7), we have 

/ |V,/«|2 < / \Veu^\' + ^\lulvl + Ck-^I\ (4.9) 

We can also get similar estimates for v^. 
Noting (4.8) and (4.5), we get 

2 < 7( ? 72 — ) + 7( ? 2 — ) - ^(^«^) + ^yy^) + '^^ • 

This is nothing else but a reformulation of the claim in this lemma. □ 

Now we can state the Alt-Caffarelli-Friedman monotonicity formula. In the following we 
denote 

^) = ,-4 I \Vu{y)?^u{yfv{v? f \Vv{y)\' + n{yrv{y)\ y_ 
JBrix) \x - jBr{x) \x - y^-^ 

If x = 0, we simply write this as J{r). 

Theorem 4.3. Let {u,v) he a solution of (1.1). There exists a positive constant C, such that for 
every r > 1, 

e-^^-^'V(r) 

is nondecreasing in r. 

Proof. As in the proof of Lemma 2.5 in [12], we have 

2 I ^2„-2„-,2 r |Y7 r^|2 I ^2^-;2^^2 



d 4 2 /g„_i|V0«|2+r2n27;2 r,^_ Jv^vp + 



r u V 



log J(r) > -- + -[7( ^"^'^' ' -2 ) + 7( ^^'"^' ^ -2 )], (4.10) 

ar r r jg„_i u jg„_i u 

where 

u = u{r9),v = v{r6). 
Because u and v are subharmonic, by the mean value inequality we get 

^=\^f ^>^(0)'/ ^ = TW^\I v>v{0). 

n~i \OUr\ JdBr{0) J§"-1 \Onr\ JdBr{0) 
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By Proposition 3.3, we have 

After a normalization in L^(S"~^) we can apply the previous lemma to deduce that 

Jg„_i It J§"-i ^ 

Substituting this into (4.10) we get for all r large 

^ log J(r) > -Cr-^-^/\ 
dr 

By taking a larger constant C, we know for all r > 1, log J(r) — Cr~^^^ is nondecreasing in r. 
This finishes the proof. □ 

4.2 Some consequences 

Proposition 4.4. For a solution {u,v) of (1.1) having a linear growth at infinity, there exists a 
constant C , such that for every r > 1, 

^ < J{r) < C. 
Moreover, the limit lim J(r) G (0, +oo) exists. 

Proof. The lower bound is guaranteed by the almost monotonicity of J{r). The upper bound can 
be obtained by combining the linear growth condition with the following estimate 



iBrio) \yr Jb2 

This is because for every rj £ Cq°(M"'), 



|V.(.)P + .(.)^.(,)^ ^^^^,^^ ^ / A^|,|->(,)^ci. 



^(^)'A(|yp-^(y)2)dy 



2 

\2 



< I !^[2V|y|2-" . V7?(y)2 + \y\'-^A7^{yf]dy. 



By choosing r/ = 1 in i?r(0), t] = outside i?2r(0) and IVt?^ + |A?7| < ^1 we get (4.11) 
Finally, it is clear that 



lim J(r)= lim e"^^ ^ J(r) G (^, C7). 



□ 
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This implies a nondegeneracy condition. 

Corollary 4.5. For a solution {u,v) of (1.1) having a linear growth at infinity, there exists a 
constant C , such that for all r > 1, 



u + v> Cr''. 

dBr{0) 



L 

Proof. If there exists r > such that 

/ u + v< er" 

then because u and v are subharmonic, 



sup u + V < Cer. 

Br MO) 

Using (4.11) we get 

J(r/4) < Ce^. 

For e sufficiently small, this contradicts Proposition 4.4 and is impossible. □ 

Remark 4.6. Combining this with the results in Section 3, we know for every Rj — )• +oo, up to a 
subsequence of j, there exists a vector e such that on any compact set o/M", there is the uniform 
convergence 

Uj{x) = —u{Rjx) — )• (e • x)^ ,Vj{x) = —v{Rjx) — >• (e • x)~ . 
Rj Rj 

Note that J is invariant under such a scaling. By Proposition 3.3 

|Vn,(y)|2 + R^u,{y)\{yr f \Vv,iy)\^ + R^u,iy)\{y)^ 



lim J{Rj) = hm / , , ' , ' ' / , , , 

j^+^JB^{o) \yr~^ Jb,{o) \yr 

c(n)|ep. 



After a scaling of the form {u{x),v{x)) — )■ {Xu{Xx), Xv{Xx)) for some X > 0, we can assume 
\e\ =1. However, at this stage we do not know whether such e is unique. R may depend on the 
sequence Rj. 

Lemma 4.7. There exists a universal constant C such that for every x G {u = v}, 

>C and [ >C. 

Bi(x) Jbi[x) 
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Proof. Assume by the contrary, there exists a sequence of Xi £ {u = v} such that 

Mm / = 0. 



We claim that 



hm / f ^ = 0. 



i^+oo JBi{xi) 

Otherwise there exists a 6 > such that 



i— >+oo 

Consider 



hm / > 5^. 



'^ii^) = -^u{Xi + x),Vi{x) = -^v{Xi + X) 

where Li > 6 is chosen so that 

/ ul + vf = l. (4.12) 

{ui,Vi) satisfies (1.3) with k = Lf > 5"^. By scahng the doubhng property Proposition 2.4, we 
obtain 

[ u\ + vl < 64 • 2"". 

Exactly as in Section 3, we know Uj and vi are uniformly bounded and uniformly 1/2-Holder 
continuous in i?3/2(0). Assume their limits (of a subsequence) are Uoo and v^o- Then 

nl = 0, [ vl = 1. 

So Uoo = 0. 

Since Xi £ {u = v} , 

Uoc{0) - Vo^iO) = lim Ui{0) - Vi{0) = 0. 

We know Voo is a nonnegative harmonic function. ^ Because t'oo(O) = 0, by the strong maximum 
principle, Voo = 0. This contradicts (4.12) and we prove the claim. 
Now we use Corollary 4.5 and Proposition 2.4 to get, for r ^ \xi\ 



JBriO) 



Br{0) 



^There are two cases: if Li are uniformly bounded, this comes directly from the equations (1.3) and the fact 
that Uoo = 0, and if Li — !■ +oo, this can be deduced from Theorem 2.7. 
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Thus for i large we get a contradiction. That is, our assumption at the beginning of the proof is 
not true. □ 

Repeating the proof of Theorem 4.3 we get 

Corollary 4.8. There is a universal constant C , such that for every x ^ {u = and r > 1, 

g-Cr j(j-^x) is nondecreasing inr. 

Corollary 4.9. There exists a constant C such that for every x G {u = and r >\, 

^ < J{r;x)<C. 

Proof. Assume sup^^(Q) u + v < Cr. Then for any fixed x, if r is large (depending on \x\), 

sup u + V < 2Cr. 

Br{x) 

Combining this with (4.11), we can obtain an upper bound of J(r; x). By the almost monotonicity 
of J(r; x) (Corollary 4.8), this gives an upper bound of J(r; x) for all x G {u = f } and r > 1. 

Concerning the lower bound, by the almost monotonicity of J{r;x), we only need to consider 
J{l;x). Assume by the contrary, there exist Xi £ {u = v} such that lim J{l;xi) = 0. Define 

i— >+oo 

{ui,Vi) as in the proof of Lemma 4.7. In particular, (ui,Vi) satisfies the normalized condition 
(4.12). Then 

Jbi(o) \y\ Jbi(o) \y\ 

Note that Lf is the parameter in the equations of Ui and Vi. 

If Li are bounded, after passing to a subsequence, assume lim Lj = Lqo- Then by the proof 

i—^+oo 

of Lemma 4.7, {ui,Vi) converges to {uoc,Voo) uniformly on any compact set of M". (tioo'Woo) 
satisfies (1.3) with k = L^. By passing to the limit in J(l; Xi) we get 



Bi{o) \y\ Jbi(o) \y 

Without loss of generality we can assume the first integral is 0. Hence is a constant function. 
Moreover, if Voo / 0, Uoo = 0. Using the equations of Uoo and v^o and noting that lioo(O) = foo(O), 
we see both cases imply Uoo = "^00 = 0. This contradicts the normalization condition (4.12). 

If Li are unbounded, by Theorem 2.7, there exists a unit vector e such that {ui,Vi) converges 
to {uoo,Voo) = ((e • x)~^, (e • x)~) uniformly on any compact set of M". 
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In this case, we still have the convergence 



lim / |^_2 dy= / 'i ' dy. 4.13 



This is because, for every e > 0, by the strong convergence of Ui in H} , 



ft— >+oo 



1™ - / i.-|n-2 = / 



'Bi(o)\Be{o) |y| Ji?i{o)\B,(o) \y\ 

and by (4.11) and the uniform Holder continuity of Ui, as i — )• +oo and e — )■ 0, 

Jb^o) \yr Jb2,{o) 

(4.13) allows us to pass to the limit in J(l;xj) to get 



Similar to the first case we can deduce = t^oo = 0, a contradiction once again. So there must 
exist a constant C such that for all x £ {u = v}, 

J{l;x) > C. 

□ 

Note that in the above proof, if Lj — )• +cxd, the limit is {uoo,Voo) = ((e • x)"*", (e • x)~) with a 
unit vector e. In this case we have 

J(l;'Uoo,Woo) = lim J(l;Ui,fi) > 0, 

while by the upper bound on J(r; Xj) we have 

J(l;xi) = Lfj{l;ui,Vi) < C. 

This is a contradiction. So Lj must be uniformly bounded. Combining this with Proposition 2.4, 
we get 

Corollary 4.10. There exists a constant C such that for every x £ {u = v}, 

u^ + v'^ < C. 



dBj_{x) 

Consequently, for every R > 

sup u + v < C{l + R). 

Br(x) 

This result can be seen as the converse of Lemma 4.7. 
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5 The global Lipschitz bound 



In this section we prove 

Theorem 5.1. Let {u,v) be a solution of (1.1) satisfying the linear growth condition (1.5), then 
there is a constant C > such that 

sup|Vn| + \Vv\ < C. 

The proof is composed by three lemmas. First we show that u — v can be weh approximated 
by a hnear function with unit slope in Bji{x), x £ {u = v} and R is large enough (uniformly 
with respect to x £ {u = v}). 

Lemma 5.2. For every h G (0, 1/10), there exists a Rq such that, for every xq £ {u = v} and 
R ^ ^0; there exists a vector e and a constant C (C independent of h), 

i<H<c, 

such that 

sup \u—[e-{x — xo)]"*"! + \v — [e- {x — xo)]~| < hR. (5-1) 

Br{xo) 

Proof. Consider 

ur{x) = Y^^i^o + Rx),vr{x) = Yj-^v{xq + Rx), 



where L{R) is chosen so that 



u\ + Vr = 1. 



'9Bi(0) 

By the mean value inequality for subharmonic functions and Lemma 4.7, 

\0^R\ JdBR(xo) 

Since {ur,vr) satisfies (1.1) with parameter L{R)'^R^, if R > Rq = ^/K, {ur,vr) satisfies the 
assumptions of Theorem 2.7. Then we get a unit vector e such that 

sup \ur — (e • x)~^\ + \vr — (e • x)~\ < h. 

Bi{0) 

We claim that there exists a constant C independent of h, such that 
J{1;0,ur,vr) 

f \VuR{y)\^ + L{RfR\R{yfvR{yf^f- \VvRiy)\' + LiRfR'uRiyfvRiyf ^^^ 



21 



The upper bound can be obtained by using (4.11) and the uniform upper bound of u/j and vji in 
i?2(0). The lower bound can be got by restricting the first integral to the domain {e-x > C{n)h}n 
Bi{0), where C{n) is chosen large enough so that in {e-x > C{n)h} (1 Bi{0), |VitR — e| < 1/4 and 
L{R)'^B?UR{y)'^VFi{y)'^ ^ e~^. (This is an application of Lemma 2.5 and similar estimates hold 
for the second integral.) 

On the other hand, by resacling the estimate in Corollary 4.9, we get 

1 R^ 

< J{l;0,UR,vn) = J{R;xo,u,v) < C- 



Combining these two we see 

1<^<C. 
C - R - 

A suitable rescaling gives the required result. □ 

The next estimate is a standard interior gradient estimate for elliptic equations ([10]). 

Lemma 5.3. For every K > d and R > 1, there exists a constant C{K,R) > 0, if {uk,Vk) 
satisfies (1.3) in -B_r(0) with k < K, and 

sup - X]*"! + |Vk - < 1. 

Then 

sup IV-UkI + \Vv^,\ < C{K,R). 

Bfl(O) 
"3" 

Finally, for solutions appearing in Lemma 5.1, in the good part (far away from {e ■ x = 0}), 
we have the following bound on the gradient. 

Lemma 5.4. For every Kq G (0, 1/100), there exists a K2 > 0, if (Uf^jV^) satisfies (1.3) in -Bi(O) 
with K > K2 , and 

sup - x'l\ + \Vf,- x'{ \ < ho, 

Bi(0) 

then there is a constant C{n), which depends on n only, such that 

sup IVukI + \ Vvi^\ < C{n). 

Bi(0)\{|xi|>4h.o} 

Proof. Take an xq G -Si(O) \ {^^i ^ ^/iq}. In -82/10(^0), 
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By Lemma 2.5, we get 

sup < Ci(n)/ioe-^2(")'^'^'^o'". 

If K2 large enough and k > K2, then there is a constant C{n) such that 

sup + Av^ < C{n). 

Then ^ 

|Vu«;(xo)| < C[— oscb. (xo)'"«; + ho sup An^] < C. 

Similar estimate holds for -y^- D 

Now we come to the proof of Theorem 5.1. 

Proof. For every yo G M". Take R/2 = d\si{yQ,{u = v}) and an xq G {u = v} realizing this 
distance. Without loss of generality, assume u > f in -B_R/2(yo)- 
If -R < i?o, Corollary 4.10 implies 

sup u + V < C{Ro). 

Then as in Lemma 5.3, we can get an upper bound of |Vn(yo)| + |Vt^(?/o)|) which depends only 
on Rq and some universal constants. 

If i? > Rq, Lemma 5.2 is applicable. So there exist a vector e and a small h determined by 
Rq, such that (5.1) holds. Because u > v \n i?_R/2(yo); {e • (x — xq) < —2hR} n i?_R/2(yo) = 0- 
Assuming h < 1/10, we know u — v > ^ in -6/2/4(2/0) • Define 

ur{x) = -^uixQ + Rx),vr{x) = ^v{xq + Rx). 

Denote zq = E i?i/2(0)- We can apply Lemma 5.4 to (n/j, vji) to get a uniform upper bound 

of |Vui?(2;o)| + \S/vr{zq)\. This implies an upper bound of |Vn(yo)| + |Vt;(yo)|) which depends 
only on h and some universal constants. □ 



6 Comparison with harmonic functions 

In this section we first present some consequences of the global Lipschitz continuity. Note that it 
is possible to prove these results directly in the proof of Theorem 5.1. However, for simplicity of 
presentations, we state these results as corollaries of the global Lipschitz continuity. 

Lemma 6.1. There exists a universal constant C such that 

uv<C in M". 
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Proof. Fix a large constant M > 0. Take an xq G R". Without loss of generality we can assume 
u{xo) = A> M. Because \Vu\ + |V?;| < C, 

u> A - C > in Bi{xo), 

and 

Av > {A-Cfv in Bi{xo). 
By Lemma 2.5 and the Lipshctiz continuity oi v, we have 

v{xo) < Ci{v{xo) + C)e-^'^^ . 

This implies 

v{xo) < Ce~c. 

Hence 

u{xo)v{xo) < CAe-^ < C{M), 
for a constant C{M) depending only on M. □ 

The same method gives 

Corollary 6.2. There exists a universal constant C such that 

uv'^ + u^v <C in M". 

Lemma 6.3. 

n|Vt;| +t;|Vti| < C in M". 

Proof. Fix a large constant M > 0. Take an xq G M". Because IV^I < C, we can assume 
ti(xo) = A > M. The proof of the previous lemma in fact shows 

V < Ce~c in Bi{xo). 

Then by the classical estimate on the gradient estimate of elliptic equations and the equation of 
V we get 

|Vt'(xo)| < sup {v + Av) < Ce~c . 

Bi{xo) 

So 

u{xo)\Vv{xo)\ < CAe-^ < C. 

□ 



Lemma 6.4. For every hall Br{xo), 
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Proof. Note that 



uv^ = An = / Ur < / iVul < 



Br{xo) JBii(xo) JdBR(xo) JdBji{xo) 

The same estimate holds for vu^. 

Now by Lemma 6.1, for every x either u{x) or v{x) < C, so 



/ 

JBr{xq) 



Br{xo) 



□ 



For every ball Bji{xo), let (pR^xo be the solution of the problem 

J AipR^xg = in Br{xo), 
1 V'if.xo =u-v on dBR{xo). 



Because n and v are smooth in M", ipR^xo £ C°°{Br{xq)). It is possible that V'iljXo ^-^g uniformly 
Lipschitz, that is, there is a universal constant C > such that 

sup \VipR{xo)\ < C. 

However currently we do not know how to prove this. Instead we give a weaker result, which is 
sufficient for our use. 

Lemma 6.5. For every 5 G (0, 1), there exists a universal constant C such that for every R> 1 
and xo G M", 

sup \VyPR,,,\ <CR^. (6.1) 

Br(xo) 

Proof. Because u and v are globally Lipschitz continuous, 

^{x) := ^{u{xo + Rx) - n(xo)), v{x) := ^(■^^(^0 + Rx) - v{xq)) 



are uniformly bounded in Lip{Bi{0)). By the global Holder continuity estimate applied to har- 
monic functions (see [10]), 

'fix) ■■= ^{'PR,xo{xO + Rx) - (pR,xo{xo)) 



is uniformly bounded in ^{Bi{0)). 

By noting the boundary condition of (p, we get a universal constant C such that 



\u{x)-v{x)-^{x)\<C{l-\x\)'^^^ in Bi{0). 
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Rescaling back we get 

|u(x) - v{x) - ipR,cc,{x)\ < CR^{R -\x- xo\)^-^ in Bn{xo). (6.2) 

By the boundary gradient estimate [10], for every x G dBji{xQ), we have 

\V{u- V - ipR^^J{x)\ < C sup \/\{u-v - ipR^x^^)\+C sup \u-V-LpR^xo\ 

Bi(x)nBfl(xo) Bi(x)nSfl(xo) 

< cr\ 

In the above we have used Corollary 6.2 to estimate A(ti — v). 

Since \S/u\ + |Vf | < C for a universal constant, by choosing a larger constant, we get 

sup \VipR,xo I < CR^ + C < CR^. 

dBji{xo) 

(6.1) follows by applying the maximum principle to {VifR^xol- D 
Proposition 6.6. 

\V{u-v-ipR,,J^ <CR" 



L 



Br(xo) 



Proof. Fix a 5 € (0, 1/8) and take a constant C so that the previous lemma holds. For simplicity, 
we assume xq = and denote ^pr^xq by v?. Direct calculations give 

/ |V(it - u - 99)p = / |Vn|^ + |Vt;|^ + |V99|^-2VuVt;-2VnV(/? + 2VuV¥?. 

J Br J Br 

We divide the estimate into three parts. 
Step 1. An integration by parts gives 

/ V{u-v)V^= [ I |Vv9|2. 

Jbr Jobr or J 

Step 2. Take u = (p^ , v = ip~ in Br^i, u = (R — \x\)(p~^ + (|2;| — R + l)u{x), v = [R — 
\x\)ip~ + {\x\ — R + l)v{x) in Br \ Br^i. Noting that u = u, v = v on OBr, hence by the locally 
energy minimizing property of (n, v) we get 

iViip + |Vvp + < f \Vu\'^ + \Vv\'^ + u^v'^ 

-2-2 
U V . 



Br J Br 



[ |V(/j|2+ [ |Vn|2 + |Vt;|2 + 

■JBr.i JBr\Br_i 



We need to estimate the last integral. 

In Br \ Br-i, similar to the derivation of (6.2), we have 



u-ip+\ + \v- ip-\<CR\ (6.3) 
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Combing this with (6.1) we get, for x € Bf{ \ 

|Vn(x)| < {R-\x\)\Vip+{x)\ + {\x\ - R+l)\Vu{x)\ + |V|x|||'u(x) - ip"'ix)\ < CR\ (6.4) 

Similarly \Vv\ < CR^ in Br \ Br^i. 
We claim that in Br \ Br^i, 

uv < ((^+ + u){(f~ +v) < (f^v + (f~u + UV < CR^\ (6.5) 

In view of Lemma 6.1, we only need to estimate ip~^v. There are two cases. If (p~^{x) G (0, 2CR^) 
{C as in (6.3)), then because (p~ (x) = 0, (6.3) implies v{x) < CR^ . So 

^-^{x)v{x) < 2C^R^\ 

If (x) > 2CR\ then again by (6.3), 

u{x) > v9+(x) - CR^ > ^v9+(x). 

So by Lemma 6.1, 

v[x) < — — — ■ < 



u{x) (^+(x)' 

This again implies (6.5) and this finishes the proof of the claim. 
Combing (6.4) and (6.5) we get 



This implies 



|Vn|2 + |V1;|2 + u^v^ < CR''-^+^^ < CR'' 



[ |v^| 

Step 3. Finally, let us estimate 



Br J Br 



VtiVf I = I / —V — / vAu\ 

Br JdBR or J Br 

< / |Vn|t'+ / vAu 

JdBR Jbr 

< [ vAu + CR''^^ 
Jbr 

Here we have used Lemma 6.3 to estimate the boundary integral. 
Denote the measure /i = Audx. Note that for every t > 0, 



IX{{V >t}r\ Br) < /i(Sjj) < CR 



n-1 
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and because in {v > t}, u < Ce c and An < Ce c for a universal constant C (by Lemma 2.5), 
we have 

fi{{v > t}nBR) < Ce~^i?". 

Now if R is large enough, by choosing M = ClogR and dividing the integration into two parts, 
we get 

"+00 



r /■+00 

/ vdfi = / fi{{v > t}n Bnjdt 
JBa Jo 



r-M r+co 

Jo Jm 

< CR^'-^logR+l) 

< CR"-^!'^. 

Putting Step 1 to 3 together we finish the proof. □ 



7 Uniqueness of the asymptotic cone at infinity 

Fix a base point xq. By Proposition 6.6, for every > 1, 

JBr^x^^) 

Since both ^i^r^xo and VipR^xo harmonic functions, we get 

sup \VipR,xo-y^2R,xo\<CR~-^. (7.1) 

Hence for every fixed r and i large, 

sup \Vf2\xo - ^V2-+\xo\ < C2"3. 

Br[xo) 

Adding in i we see lim Vip2i xn — ^^cxj exists. By Lemma 6.5, for any R > 1, 

sup |V(/?oo| < Ci?^ + (:: V2-3 < ci?i 

Br{0) 

Since V</Joo is an entire harmonic vector-valued function, by the Liouville theorem, it is a constant 
vector function. In conclusion, there exists a constant vector e{xQ) such that 

lim V(^2Sxo = e{xo) 

uniformly on any compact set of M". 
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Furthermore, by choosing iq such that 2*" ^ < i? < 2q, adding in i from io to +00 and using 
(7.1), we have 

sup \V(pR,xo - e{xo)\ < CR'i. 
Substituting this into Proposition 6.6, we have for every R> I and xq G M", 

/ |V('u-z;) -e(xo)|^ < (7.2) 

Combing this fact with the result in Section 3 and Remark 4.6, we know 

u{xo + Rx) , , . \+ ^■ v{xQ + Rx) , , . 
hrn = (e(xo) • 2;)+, hm = (e(xo) • x)+, 

uniformly on any compact set of M"". 

Next we note that such e{xQ) is independent of the base point xq. This is because we also 
have 

R^+00 R R^+00 R 

uniformly on any compact set of R". So e(xo) = e(0), which is independent of xq. 
In conclusion, we have proved 

Proposition 7.1. There exists a vector cq, such that for every R> 1 and xq E R", 

/ I V(n -v)-eo\'^ < CR""-^ . (7.3) 

By Remark 4.6, we can take cq such that |eo| = 1. In the following of this paper we will 
assume eo = e^, the n-th coordinate direction. 

8 Existence of a cone of monotonicity 

Lemma 8.1. There exists a M > such that if \u{xq) — v{xq)\ > M, then 

|V(n - v){xo) - en\ < ^■ 
Proof. Assume u{xo) — f (xq) = A > M. Denote 

u{x) = —u{xq + Ax),v{x) = —v{xq + Ax). 
Then by Lemma 6.1 and the Lipschitz continuity of u and v, in Bi/(j{0), 

Au{x) = A'^u{x)v{xf < Ce^"^ ,Av{x) = A^u{xfv{x) < Ce""^. 
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By (7.3), we also have 

[ \V{u-v) - en\'^ <CA^t. 

If M is large enough, the W'^'^ estimate (for p > n) and the Sobolev embedding theorem implies 

|V(5-?J)(0) -e„| < ^. 

Rescaling back to u and v we get the claim. □ 

The constant 1/4 can be made arbitrarily small, if we choose M large enough. 

Corollary 8.2. If u{x) - v{x) > M, then |Vn(x) - e„| < 1/2. If v{x) - u{x) > M, then 
\Vv{x) - e„| < 1/2. 

Proof. Assume M is large enough. If u{x) — v{x) > M, then by Lemma 6.3, |V?7(x)| < j. Hence 

\Vu{x) - e„| < |V(n - v){x) - e„| + \Vv{x)\ < 1/2. 

□ 

Corollary 8.3. For \t\ > M, {u — v = t} is a Lipschitz graph of the form = f{x',t)}, with 
the Lipschitz constant of f (with respect to x' ) less than 1. 



Proof. We need to note that for every xq = (2;q,0) G 



on— 1 



Hence 



lim ■^-{u - v){xo + Rx) = Xn- 

R-^+oo K 



lim {u — v){xq, Xn) = +00, lim (u — t))(xo, x„) = — oo. 



Since u — v is strictly increasing in the direction of e„ in {\u — v\ > M}, for every |t| > M and 
x' G M"~-^, there is a unique finite f{x',t) such that (u — v){x' , f{x' ,t)) = t. ^ 
There is a cone of directions 

C(e„, 1/4) = {ee M", |e| = 1, e • e„ > 1/4}, 

such that for every e G C(e„, 1/4), and x G {|u — t;| > M}, 

V(u - v){x) • e > 0. 

That is, in {\u — v\ > M}, u — v is monotone increasing along the directions in C{en, 1/4). This 
gives the Lipschitz continuity of /. □ 



^ For example, if u{x',x„) — v{x',Xn) — t > M, then ^g'^T"'' {x' ,x„) > 0, so u{x',y„) — v{x',yn) > t for those 
Vn > close to x^. Then by continuation using the monotonicity of u — v in {u — v > M}, u{x' , yn) — v{x' ,yn) > t 
for aU yn > X 
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In the following we denote the level set {u — v = t} by T^. By the previous lemma, for 
\t\ > M, Tt = {xn = f{x',t)}. The fohowing result states that the width (in the Xn direction) of 
{\u — v\ < M} is bounded. 

Lemma 8.4. There is a universal constant C, if M is large enough, then 

sup fix', M) - f{x\ -M) < CM. 

Proof. Take an arbitrary xq = (xq, /(xg, M)) G Tm- By Lemma 5.2 and Proposition 7.1, if M is 
large enough (but independent of xq), 

sup \^u{xo + Mx) - -^vixo + Mx) - - 1| < 1. 
B3(0) M M 

Hence 

inf —uixQ + Mx) - —vixQ + Mx) <-3 + l + l<-l. 
53(0) M M 

That is, B^m{xo) r\{u-v < -M} / 0, or dist(xo, r_A/) < 3M. 

Take yo = {Uq-, fiVo-, ~^)) £ B^^Mixo) H V^m- By the monotonicity of u — f in the direction 
of C{en, 1/4) in {u — V < —M}, for a sufficiently large universal constant C 

{ix,xn) : Xn < fivo, "M) - C\x' - v'qI} c{u-v< -M}. 

Thus for {xQ,Xn) such that 

Xn<f{y'o,-M)-C\x'^,-y'Q\, 
we have {xQ,Xn) £ {u — v < —M}. In other words, 

fix'o, -M) > fiy'o, -M) - C|x'o - y'oV 

Note that 

\f{y'^, -M) - /(x'o, M)| + |x'o - y'^\ < 3M. 
Combing these two inequalities we get 

f{x'o,-M)>f{x'„M)-CM. 



□ 



Proposition 8.5. For each r G C(en,3/4), we have 



Ur = T ■ Vu > 0;Vr = T ■ Vv < in 
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Proof. For t > 0, define 

n*(x) := u{x + tr), := v{x + tr). 
We will prove that for all t > 0, 

u\x) >u{x),v\x) <v{x) in M'". (8.1) 

By Corollary 8.2, Ur > in {u — v > M} and Vr < in {u — v < —Ad}. So for every t > 0, 
> u in {u — V > M} and < v in {u — v < —M}. 

Step 1. (8.1) holds for t large enough. 
By the previous lemma, for x G {—M < u — v < M}, if t > CM, x + tcn € {u — v > 2M}. Because 
r G C(e„,3/4) CC C(e„,l/4), ift > (C + 64)M, x + tr G x + CMe„ + C(en, 1/4) C {u-v > 2M}. 
Since 

-M < u{x) - v{x) < M, 

we have 

u{x) <2M < u{x + tT). 

That is, ii* > u in {-M < n - t; < M}. 

Next we show that > u in Q = {u — v < —M}. By Lemma 6.1 and the global Lipschitz 
continuity, u and are bounded in 0. Assume infQ(n* — n) < 0. Take a sequence of x^; G such 
that 

lim (u*(xfc) — u{xk)) = inf(ti* — n) < 0. 

fc— >+oo n 

Because 

liminfii(xfc) > lim {u{xk) — v^{xi^)) > 0, 

fc— >+oo fc— ^+oo 

there exists a J > such that u{xk) > 5 for all k. By Lemma 6.1, v{xk) < C/5. Now define 

Ukix) = u{Xk + X), t!fc(x) = ^(Xfc + x). 

Since itfc(O) and ffc(O) are uniformly bounded, and sup \ Vuk\ + |Vt;fc| < C, there exist two contin- 
uous functions u^o and Wqo such that 

y-k — ^ Uoo,Vk — ^ ^^oo uniformly on any compact set of M". 

(uoojt'oo) is a solution of (1.1). They also satisfy (x) = Uooix+tr) > Uooix) in{uoo—Voo > —M} 
and vl^{x) < Voo{x) in {uoo - Voo < -M}. Then 

' Auoo = Uoovlo in {^^oo - -yoo < -M}, 
' = ^^L(f^L)^ < ui^'i^'L in {^^oo - ^^co < -M}, 

^ul^>Uoo on d{uoo -Voo< -M}. 

Moreover, 

-"^(0) -^^oo(0) = ^ inf {ui,-uoo)<0. 

{Uao—Vao< — M} 
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A direct application of the maximum principle implies a contradiction. 
We can use similar method to show that < v in {u — v > —M}. 
Step 2. By the result in Step 1, we can define 

to := inf{t : (8.1) holds for all s > t}. 

Assume to > 0. Since n*° > u and v*" < v in M", we have 

Comparing with u and f , the strong maximum principle implies that 

n*" > n, u*" < V strictly in M". 
Here we need to note that, there is a constant 5 > such that \n {u — v > M}, by Corollary 8.2 

u^°{x) - u{x) = / T ■Vu{x + tT)dt>5. 
Jo 

And similarly in {u — v < —M}, 

v'^°{x)-v{x) < -5. 

These two estimates imply that 

yto _ yto y ^ _ y _^ ^ jj^ - W| > M}. 

Then similar to the method in Step 1, we can prove 

inf(«*o -v^°)-(u-v)> 0. 

By the global Lipschitz continuity of u — v, there exists a e > 0, such that for all t G {to — e, to), 

inf (u* - f*) - (u - v) > 0. 

We claim that for such t, (8.1) still holds. We only prove the inequality for u and the other one 
is similar. As before we only need to consider the set {u — v < M}. Here we use 

Au = u{u — ip)"^ in {u — v<M}, 
An* = n*(n* - ip^f in {u - v < M}, 
> u on d{u — V < M}, 

where ip = u — v and y?* = n* — i)*. Assume that 

inf (n* - n) < 0. 

{u~-v<M} 
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First let us assume this minimum is attained at an interior point xq £ {u — v < M}. The 
maximum principle implies 

< A(ii* - u)(xo) = u\xo){u\xo) - (p\xo)f - u{xo){u{xo) - (p{xo)f < 0, 

which is a contradiction. Here we have used the following facts: < u^{xq) < u{xq), u{xq) > 
ip{xo), u\xq) > (p\xo) and ip{xo) < ip\xo). 

Next, if the minimum is not attained, we can use the method in Step 1 to reduce this case to 
the above case and we get a contradiction again. In conclusion we must have 

u* > li in {u — V < M}. 

So for t £ (tQ — e, to)) we still have (8.1). This is a contradiction with the definition of to if > 0. 
In other words, Iq = 0. □ 



9 Enlargement of the cone of monotonicity 

In the previous section we have proved that for every r G C{en, 3/4), 

du dv 

^>0,— <0 in M". 

Now we will enlarge this cone of monotonicity. 

Proposition 9.1. For every unit vector t such that t ■ Cn = 0, 

du dv ^„ 
— = 0,-^0 m M". 

OT OT 

This means u and v depend only on the x„ variable and this finishes the proof of Theorem 

1.1. 

Proof. For 9 G [0,7r/2], denote 

t{9) = cos(6')e„ + sin(6')T. 

Define 

By Proposition 8.5, [0,-7r/100] C /. We want to prove / = [0, 7r/2]. First we have 
Claim. For every 6q £ I and 6q < 7r/2, there exists a constant 5 > such that 

> S in M". 

By Lemma 8.1 (if we choose M large enough, depending on t(9o) ■ Cn), in {\u — v\ > M}, 

\\/ [U — V) — Cnl < ■ 
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Hence in {\u — v\ > M}, 



d{u -v) ^ TjOo) ■ en ^ p 



dT{0o) - 2 
So the problem lies in the set — t)| < M}. Assume 

. , d(u — v) 

inf ; ,„ / = 0. 

Take a minimizing sequence and proceed as in the proof of Proposition 8.5, we get a solution 
of (1.1), (mooj^^oo) such that 

1. ^>0,^<OinM- 

2- %Sf^>^>Oin{|n-^|>M}; 

3- %®^(0) = 0, i.e. 1^(0) = ^(0) = 0. 
By differentiating the equations of Uoo and Voo , we find 

._dUoo_ _ dUpo 2,9 ^•"oo 

^ dVpo _ dVpo 2 ,9 dupo 
driOo) ~ dT{9o)''°° ^ ''''^'''^ drieoY 

By the sign of q^i^^-^ and , we can apply the strong maximum principle to deduce that either 



PI — OO p. ■ 

which contradicts (2) in the above, or 

> 0, ^ , < m 



driOo) ' 5r(^o) 

which contradicts (3) in the above. This finishes the proof of the claim. 

By the boundedness of V{u — v) and the above claim, for Oq £ I and < 7'"/2, there exists a 
e > such that for every 9 £ {6o — e, 6q], 

d{u — v) ^ 6 

dT{e) - 2 

Similar to Step 2 in the proof of Proposition 8.5, for such 6 we still have 

du dv ^„ 

> 0, — — - < in M". 



dT{e) - ' dT{e) 
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That is, (^0 ~ ^i^o) C /. By continuation, we get / = [0,7r/2]. In particular, 

du dv ^„ 

> 0, — < in M". 

Replacing r by — r, we get 

du dv ^„ 

= =0 in 

OT OT 



□ 



A Appendix 

Here we give a proof of Theorem 2.6. Since the method is exactly the one given in [12], we only 
show the necessary modifications. 

Let {uk,Vk) be given as in Theorem 2.6 and fix an a G (0, 1). Here, without loss of generality, 
we assume that and are defined in -63(0), and uniformly bounded there. 

Take t] G C°°(]R") such that 77 = 1 in Bi{0), {rj > 0} = ^2(0), and r/ = (2 - in 
i?2(0) \ -63/2(0). By this choice we get a constant C such that 

l^'°'^''l^ dist(.,L.(0)) «^<°'- 

Then for any x € -62(0), by taking p := idist(x, 952(0)), we have 



< C, (A.l) 



where C is independent of p. 
Denote 

Assume there exist Xk,^^ G ^2(0) such that as k — +00, 

J-j kr — 1 1 — m3,X j j — r ~rOO. 



(A.2) 



Vk] x,y&B2iO) \X-y[ 

Note that because and v,^ are uniformly bounded, as k — t- +00, {x^ — y^\ — t- 0. 
Define ^ ^ 

^K,{x) := - — -UK{xK + rKx),VK{x) := - — -v^,{x^, + ri^x), 

and ^ ^ 

u^ix) := J — -Uf,{x^ + r^,x)r]{x^),v^,{x) := - — -v^{x^,^rt,x)r]{xr>j, 

where — ?• will be determined later. These functions are defined in = ^{B2{0)-x^). Note 
that $7^ converges to Oqo, which may be the entire space or an half space. 
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We first present some facts about tliese rescaled functions, which will be used below. 

Uk{x) = — ^ u^,{x), (A.3) 



and 



VUf,[x) = — r u^{x) H — V'Uk(x) (A. 4) 

ViXK) ViXK.) 

= L~V^~"nK(2;«, + r^x)V'n{x^ + r^x) H — -^^ — Vn«(x) 

r]{x^+r^x)^^_^ , ^^r-i„i-QN 



-Vn.(x) + 0(L;:Vr°). 



These relations also hold for and v^. 
By (A. 2), we have 

\Uf,{0) -u^{z^)\ + \Vf,{0) -v^{z^)\ \u^{x) -u^{y)\ + \Vf,{x) -v^,{y)\ 

1 = ; ; = max ; ; . (A. 5 

Here z,^ = ^^7^. 

Next, because rj is Lipschitz continuous in -62(0), for x £ 0,^, we have a constant C which 
depends only on sup52(o)(^ft + ^k) and the Lipschitz constant of r], such that 

(J 

\uk{x) - Uk{x)\ + Iv^ix) - Vk{x)\ < - — -|r/(xK + r^x) - t7(xk)| (A. 6) 

< CL-\l-^\x\, 

which goes to uniformly on any compact set as k — t- +00. Finally, we note that (u^, ^^k) satisfies 
(1.3) with the parameter K;L~^r^~"ry(xK)~^. Denote this constant by M^. By the Lipschitz 
continuity of 77, we also have 

u^{x) + v^{x) < CL- Vi-"dist(x, dn^). (A.7) 

The next three lemmas correspond to Lemma 3.4, 3.5 and 3.6 in [12] respectively. 

Lemma A.l. // there exists a constant C > such that > ^ and ^'^""^"^ < C, then 
^k(O) +'Vk(0) is uniformly hounded. 

Proof. Assume under the assumptions in this lemma, we have 

A^, := 5k(0) = Uk(0) +00. 

By (A.7), 

dist(0,af^,)>CL,r-i+"yl«, (A.8) 
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which goes to +00 as k — t- +00. Hence, for any i? > 0, if k is sufficiently large, by (A. 5) we have 

u^ix)>A^-2R'', in S2r(0). 
By (A. 6), for fixed R, if k is sufficiently large, we have 

u^{x) >A,- - CL-^rl-"R > ^, in ^2^(0). 

Hence 

Av^>CM^Alv^ in ^2^(0). 

By (A. 5) and Lemma 2.5, we get 



This implies 



sup < C{ sup + i?" + CL~Wlr''R)e 

Sfl(O) Bfl(O) 



sup V, < Ci^e-^«*^«''^^ 



Substituting this into the equations of and v^, we see 

sup {Auk + Av^) — ^ 0. 

By standard elliptic estimates combined with (A. 5) and (A. 6), we obtain 

sup i\Vu^\ + \Vv^\) <C{R), 

Br-i{0) 

where C{R) depends only on R. Note that (A. 8) implies 

dist(x^, 0^2(0)) >r«. 

In particular, G ^dist{a;^,o_B2{0))/2(2^K)- Then by combining (A.l) with (A. 4), we get for another 
constant C{R), 

sup {\Vu^\ + \Vv^\) < C{R). 

BR-m 

By our assumption, we can take R large so that \z^\ < R for all k > 0. Substituting the above 
estimate into (A. 5), we see 

I I 

which implies a uniform lower bound of Then arguing as in the proof of Lemma 3.4 in [12], 
we can get a contradiction and finish the proof. □ 
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Lemma A. 2. kL^ -"^Ix^ — y^P "^vi^K) ^ — )■ +00. 

Proof. By contradiction, assume that HiL~^\x,^ — is bounded. Take so that 

By this choice, the assumptions of the previous lemma are satisfied. Hence {^^(O)}, {'Uk(O)} are 
bounded. By (A. 5) and the Ascoh-Arzela theorem, up to a subsequence, there exist Uoo, Voo such 
that 

"U-K ^ ^00 ) ^ uniformly on any compact set of f^oo. By (A. 6), y Uooj ^ ''^oo 
uniformly on any compact set of f^oo; too. Moreover, since is defined in B^-i{0) and 

satisfies (1.3) with parameter 1, for any R > 0, 

supi\Vu^\ + \Vv^\)<C{R). (A.9) 

If dist(0,9r2K) — +00 (i.e. floe is the entire space), we can argue as in the previous lemma to 
deduce that 

sup (|V5^| + \Vv^\) < C{R). 

BRiO) 

which, as before, implies a uniform lower bound of \zk\. Then the following proof is exactly the 
same as in the proof of Lemma 3.5 in [12]. 

Next we consider the case when fl^o is a half-space, that is, there exists a constant C > such 
that 

dist(0,5O«) < C. 

We still need a uniform lower bound of \zk\ as above. Assume by contrary that \zi^\ — >• 0. Then 
by (A. 2) and (A. 7), we have 

< CL- Vi-"(dist(o, dn^) + dist(z,, dfi^)) 

< CL^Vi--(dist(o,ao«) + |z,|). 

Since \zk\ — >• and a £ (0, 1), this implies 

\z^\ < CL-Vi-°dist(0,5n,) < ^dist(0,5O,). 

Arguing as before and using (A.9) and (A. 4), we can get 

sup {\Vu^\ + \Vv^\) <C. 

-Bdist(o,en„) (0) 
2 

Then exactly as in the previous lemma, we get a constant c > such that \zk\ > c for all k. So in 
any case, we must have a uniform lower bound for \Zf^\. Combing this with (A. 5) and (A. 7), we 
get a contradiction directly in this case. □ 
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Lemma A. 3. Let = {x^ — UkI- Then there exist Uoo, foo G C"(M'") such that — s- Uoo, 
Vk — ^ Voo uniformly on any compact set o/M". The limit satisfies UooVoo = 0. 

Proof. By the previous lemma, we must have 

= kL~'^\x^ - +00. 

Hence if we choose = |xk — i/kI, {2^(0)}, {i;k(0)} are bounded. As before, when is a half- 
space, combing (A. 5) and (A. 7) we can get a contradiction directly. So f^oo must be the entire 
space W^. Then as in the previous lemma, there exist Uoo, ^^oo G C"(M") such that — )■ Uoo, 
Vk. Voo uniformly on any compact set of R". Then we can follow the proof of Lemma 3.6 in [12] 
to get the claim. □ 

Using the Liouville type results in [12] together with the above three lemmas, we know (A. 2) 
can not be true. So u^^ and are uniformly bounded in C"(i?2(0)). Since 77 = 1 in -Bi(O), it is 
easily seen that and are uniformly bounded in C"(i?i(0)), for any a G (0, 1). This finishes 
the proof of Theorem 2.6. 

Remark A. 4. We can allow some additional terms in the right hand side of equations in (1.3) 
as in [12]. Theorem 2.6 can also he generalized to the case with more than two equations, and 
to the case of parabolic equations (corresponding to the main result in [7]). This method can 
also be applied to obtain a local estimate near boundary if the boundary and boundary values are 
sufficiently smooth. 
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